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CONTROL OF MOVABLE SOURCES IN DISTRIBUTED SYSTEMS ON
THE CLASSES OF IMPULSIVE, PIECEWISE CONSTANT, AND
HEAVISIDE FUNCTIONS

K.R. AIDA-ZADE!, Y.R. ASHRAFOVA!

ABSTRACT. Problems of optimal control of movable lumped sources in distributed systems
when controls belong to the classes of impulsive, piecewise constant, and Heaviside functions
are considered in the paper. The optimal control problems are investigated for various cases,
according to the position of the sources. Necessary optimality conditions are obtained for
optimal control problems considered on all these classes. Constructive analytical formulas for
the gradient of a functional in the space of optimized parameters are derived. The results of
some numerical experiments are given.
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1. INTRODUCTION

The interest to problems of motions of the sources in one or another meaning, with various
physical natures has increased lately. For example, they arise when investigating movable sources
of a chemical agent’s concentration, underground waters’ mass (pressure), oil (generally, of
substance), impulse, tension, thermo tension, heat, voice, radiation, electromagnetic waves’
emission (generally, energy), information, etc. Similar problems also arise when solving some
inverse problems of mathematical physics.

Along with continuous displacements of a source, there may be instances when the source can
move from one position to another only unevenly, and an optimal movable control is only to be
found on the class of such step-wise displacements.

When controlling real-life objects, the optimization of control actions on the classes of con-
tinuous and piecewise continuous functions causes some technical difficulties. The solution to
optimal control problems on the classes of functions technically easily implemented is of impor-
tant value [1]-[8],[11]-[13]. Systems with control actions from the classes of impulsive, piecewise
constant, and, particularly, Heaviside functions can be related to such classes. In contrast to a
lot of other works [1], [3]-[5], [11], [13] here the control actions (factors) are not only the sources’
power, but also the positions and moments of their application.

Similar optimal control problems on the class of impulsive functions are considered in [1], [5],
[13] for ordinary differential equations. In [2], the problem of oil wells’ placement and of control
of oil output is considered.

In the mathematical models of a lot of controlled processes, Heaviside step functions are used
as control actions. It is clear that this is a particular case of a piecewise constant function, but
the control in the form of Heaviside functions is of interest from the practical point of view,
since in practice, a lot of controlled processes are such that every action takes on a value that is
constant in time and is switched on only once.

! Institute of Cybernetics of ANAS, Baku, Azerbaijan
e-mail: kamil aydazade@rambler.ru, y_aspirant@yahoo.com
Manuscript received September 2011.

158



K.R. AIDA-ZADE, Y.R. ASHRAFOVA: CONTROL OF MOVABLE SOURCES IN DISTRIBUTED... 159

The problems of optimal control of the sources’ motion and of their intensity (power) are
being investigated by a lot of authors on the class of piecewise continuous functions [3], [7]. The
statement of the problem of control of lumped sources for two dimensional cases is investigated
in the work [3]; in this case, the optimization consists in determining an optimal law of the
sources’ motion (trajectories), as well as their power.

The problems of optimal control of lumped sources in distributed systems when the controls
belong to the classes of impulsive, piecewise constant, and Heaviside functions are considered
in the paper. The optimal control problems are investigated for various cases, according to the
control of the sources’ position.

Analytical formulas for the gradient of a functional in the space of optimized parameters for
the optimal control problems on these classes are derived. These formulas allow one to use
the first order optimization methods [15] to find the numerical solution to the optimal control
problem. The results of numerical experiments are given.

2. PROBLEM STATEMENT

Consider the following optimal control problem for systems with distributed parameters, which
consists in minimizing the functional

2 2
J(w) =ay /[u(x,T; w) — U(x)]Zd:c + s Hv(t) - vo(t)HL2 + ag Hs(t) - so(t)HL2 ) (1)
Q
The state of the controlled object is described by the following n - dimensional boundary problem
of parabolic type:

L

ug(x,t) = div (o(x)gradu(z,t)) + Zvi(t)bi(x, t)o(x — &), r€QC R 0<t<T, (2
i=1

u(z,0) = ¢(x),x € Q, (3)

(e, O sers = m(e,),0@ 20| = (e 0 <1<, (1)

=T =001 (I =

#; cos(n A e;); n is the unique internal normal to the part I'? of the domain

M:

Here 2
:1

boundary, u = u(z,t) = u(z, t;w) the phase state of the object determined from the solution to

boundary problem (2) (4) on the corresponding admissible value of the optimized control vector

w = (v(t), s(t)); R™ -n-dimensional Euclidian space; L-given number of control actions (sources)

bi(z,t), ..., b (z, 1), o(x), p1(z,t), pa(x,t), o(z), U(x), a; > 0,3 = 1,2, 1 >0, T >0, () =

(0(t), ..., v2 (1)), s°(t) = (s9(2), ..., s (t)) are given continuous functions and values determining
the investigated process and the criterions of control on it; 6(z) =[]}, ¢ (xz) d(x;) generalized
Dirac function; v(t) = (vi(t),....,vr(t)) the controls determining the sources’ power; £'(t) € R™

the coordinates of i-th source’s placement at the point of time ¢, £(t) = (£L(2), ...., £5(t)); ei-i-th
ort coordinate.

With respect to the sources’ placement £¢(t) = (&(¢), ..., €% (¢)), i = 1,..., L, we can consider
the following variants.

The sources are motionless:

€(t) = € = const, t € [0,T),£' € R",i=1,..., L,
or the sources are movable and their motion law is determined by a Cauchy problem with respect
to the following systems of differential equations
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§(t) = (&, 5i(t),1),8(0) = &, t € [0, T), i = 1,..., L, (5)
where & € R", i = 1,..., L are given initial values of the sources’ placement; f* = fi(-,;),
i =1,..., L given n dimensional vector-functions; s;(t), i = 1, ..., L m;-dimensional control actions
on the source’s motion. Thus the sources’ mechanical motions can be controlled processes as
well.

The problems of optimal control of the sources where the object (process) is controlled by
the sources’ intensity (power) and motion are investigated in the work. We also consider the
problems when the moments of the sources’ actions, as well as the coordinates ¢*, i =1, ..., L of
the motionless sources’ placement are optimized.

Optimal control problems (1)-(5) are considered for the following classes of control actions:

a) The sources’ controlled powers are from the class of impulsive functions

mg L
Ui(t) :Zqijé(t—ﬁij),M:Zmi,i:1,..,L, (6)
j=1 =1

and determined by finite-dimensional vector w = (g, ) € R?**M  where g¢ij is the value of
the impulsive power of the i—th source at the points of time 0;;, j = 1,..,m;, i = 1,..,L; m;
given number of impulsive actions of the i—th source, i.e. functional (1) is determined by the
finite-dimensional vector:

w = (qll; QI27 seey qlmla seey quLa 9117 0127 cey 91m17 ceey HLmL)- (7)
Consider the following constraints on the control parameters:

where ¢;,q;,(,n are given.
b) The sources’ controlled powers are from the class of piecewise constant functions

vi(t) = qij = const, t € [0;;_1,0:5),0i5-1 <bij, j=1,..my, (9)
L
Oio =0, Oim=T, M= mii=1,..L,
i=1

and determined by finite-dimensional vector w = (g, #) € R**M_ ie. the values of controls
v;(t) are constant on semi-intervals [0;;—1,6;;) C [0,7] and belong to some admissible set V,
particularly, to parallelepiped (8), and 6;;, j=1,...,m; — 1, ¢ =1,..., L are determined on the
intervals of constancy [0;;—1,6;;) of the value of the i-th source’s power, m; given number of
constancy intervals for the ¢—th source.

c¢) The sources’ controlled powers are from the class of Heaviside functions

vi(t) = vilt; qi,0:) = @ix(t — 6;), i =1,.... L, (10)
and determined by finite-dimensional vector

w=(q,0) = (q1,., 41,01, ...01) € R*", (11)
where the i—th component is the power of the i—th source beginning to influence at the point
of time wy; =0;, i =1,.., L; x(t — 6;) is Heaviside function.

Consider the following constraints on the control parameters:

G <¢ <G 0<6;<T,i=1,..L. (12)
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Here ¢;,q;, L are given. Each component of the control vector-function (control) v(t) is
piecewise constant function with only one change of value and is determined by the values 6;
and g¢;, i.e. by the control’s action time and value.

d) The source’s motion, which is described by system of differential equations (5), is imple-
mented by a control from the class of impulsive functions

m; L
si(t) =) it — i), M=> mi=1,.L, (13)
j=1 i=1
and determined by finite-dimensional vector w = (s,7) € R?!M | where s;; is the value of the
impulsive power’s influence on the motion of the i—th source at the point 7;;, j = 1,..,my,
i1 =1,..,L; m; given number of impulsive influences, i.e.

W = (811,812, s Slmy -+ SLimg s TI1s T12y +os Thmy s ooy TLimy, )+ (14)
The constraints in form (8) can be imposed on the control parameters in the control problem.
e) The control actions s(t) on the sources’ motion, which is described by system of differential
equations (5), are piecewise constant functions, i.e.

si(t) = sij = const, t € [1j;-1,7Tij), Tij—1 < Tij, J = 1,..m;, (15)
L
Tio =0, Tim, =T, M = Zmi,i =1,.., L.
i=1

Thus the control is determined by the finite-dimensional vector w = (s,7) € R?**™ ie. the
values of the control actions on the trajectory are constant on semi-intervals [7;;_1,7;;) C [0,T]
and belong to some admissible set, for example, to (8).

f) The control actions on the sources’ motion are from the class of Heaviside functions

Si(t) = SiX<t — Ti), 7 = 1, ...,L,

i.e. determined by the finite-dimensional vector

w=1(8,7T) = (81,.-0s 8L, T1s -0, TL) € R, (16)

Here i—th component of vector (16) is the power of the i—th control action on the source’s
motion. We have the constraints on the control parameters in form (13).

Assume that the functions and parameters satisfy all the existence and uniqueness conditions
imposed on the solution to the boundary problem in all the optimal control problems mentioned
above.

The optimal control problems considered are equivalent to the problems of the optimization
of the functional J(w) in an admissible closed domain; thus the set of optimal solutions is
non-empty [11].

The following theorem holds true.

Theorem 2.1. If the functional J(w) is convex on the class of piecewise continuous control
functions, then it is also convex on the classes of impulsive, piecewise constant, and Heaviside
functions.

The controls may be discontinuous in the considered problems, so there isn’t any classical
solution to these problems.

We take the function u(z,t) = u(z,t;w) from the space La(§2 x [0,7]) under the generalized
solution to the boundary problem (2)-(4) with respect to the control w = (v(t), s(t)) from the
Hilbert space H = Lo([0, 7). This function satisfies the following equality



162 TWMS JOUR. PURE APPL. MATH., V.3, N.2, 2012

/u(:c,T)w(x,T)d:L‘—/cp( /T/u (2 8) (2, 1) + div (o (z)grade(z, 1)) dadt—
0 Q

Q

2

L T
Z//w z, t)v; (£)bi(z, 1) (x — €'(t))dadt = 0,
0

=1

for every 1 = (x,t) € H>Y(Q x [0,T]) such that %ﬁ’ﬂ | per = 0 [11].

3. NUMERICAL APPROACH TO THE SOLUTION TO THE CONSIDERED PROBLEMS

Using the first order iteration optimization methods based on the application of analytical
formulas for the gradient of the target functional for numerical solution to the problem of
optimal control of the lumped sources’ power, placement, and motion in distributed systems.
For example, we suggest the use of the gradient projection methods

wk+1 = I?/I‘(wk — akgrad.](wk)), k — 07 17

or interfaced gradient projection methods [14], [15]. Here w® is some given initial value of the
control; gradJ(w) the gradient vector of the target functional on the optimized parameters;
ay, the value of one-dimensional step along the direction of the anti-gradient of the functional;
Pry () the operator of projection on admissible set of controls V' (this operator has a simple
form for positional constraints in form (15) [14]).

The formulas for the gradient of the functional obtained below can also be used to formulate
necessary optimality conditions (in the form of maximum principle in the variation form) for
the problems considered above. It is evident that the classes of control functions investigated
in this work are the special cases of general classes considered in other works [9]-[11], [14], [15],
where the formulas for the gradient of the functional are obtained in more general form. The
formulas for the gradient of the functional corresponding to the specified classes of functions are
obtained in this work by using the general approach for these classes of functions.

Taking into account that the control actions on the sources’ power and motion are mutually
independent in the problems considered, we can obtain formulas for the corresponding compo-
nents of the gradient independently (what is done below).

3.1. Formulas for the components of the gradient of the functional on the sources’
power and on points of time of their actions. Let us show that functional (1) in optimal
control problem (1)-(4) is differentiable in H. For this purpose, we take two arbitrary admissible
controls w = (v(t),s(t)) and w + Aw = (v(t) + Av(t), s(t)). Let u(x,t;w), u(z,t;w + Aw) be
the solutions to the boundary problem (2)-(4) corresponding to these controls. Introduce the
notation

Au(z,t) = u(z, t;w + Aw) — u(z, t;w).
From (2)-(4), it follows that Au(z,t) is a generalized solution to the following boundary

problem:

L
Auy(z,t) = div (o(x)grad Au(m,t))—i—z Av; ()i (2, 1)0(x—&(t)), s € QC R",0 <t < T, (17)
i=1

Au(z,0) =0,z € §, (18)
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0Au(x,t)
on

Then the increment of functional (1) can be written as follows

Au(z,t)|zert = 0,0(x) lperz = 0,0 <t <T. (19)

AJ(w) = J(w+ Aw) — J(w) = 203 /[u(a:,T; w) — U(z)]Au(z, T)dx+
Q

+u3/mwa7w%x+mwww+Aww—v%mf—wa—ﬁum%
Q
Let ¢ (x,t) be the solution to the following conjugate problem ([11], [14]):

Yi(x,t) + div(o(x)gradi(x,t)) =0,z € Q0 <t <T, (20)
Y(z,T) =20 (u(z,T) — U(x)), x € Q, (21)
0.0 e = 0,0@ 228D —00<i<T (22)

From (17)-(22), it follows that

%%ﬂmwm—wmmw%ﬂM:/wam“”T :/j
5 Q 0

Q

Y(x, t)Au(z, t))dt)de =

SE\%

T
= //(wt(x,t)AU(x,t) + (x, t) Aug(z, t))dzdt =
0 Q

T
// —Au(zx, t)div(o(z)gradip(z,t)) + P (z, t)div(o(x)gradAu(z, t)))dxdt+
0 Q

T
+) O/Q/¢ 2, )i, ) Avi (00 ( — € (1)) dardt =

@
||Mh
1§

T
_ / / o (2) (0, ) div (D, 1)) — Aula, )div((x, 1) )dadi+
0

_l’_

=1

I T
S / / (s )i, 1) Avg(1)5(x — £1(1)) ddt —
0 Q

1
St —

/a ﬁAg(nx ) — Au(z,t) 81%2, t))dsdH-
r

T

//th (, t) Avi ()6 (x — £ (t))dadt.

0

+
M-

By using the estimation obtalned in [10], [14] for the more general case, and taking controls
from the class of measurable functions
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/ Az, T)|2dz < C / At [2dt, (23)
Q 0

where C' > 0 is constant independent on the choice of Av, we have the following formula for the
increment of the functional (1)

AJ(w) = Z

1=1

/¢(x, t)bi(x, t) Avs (£)6(x — £(t))dadt+
" (24)

+2az [ (vi(t) — o)1) Av(t)dt + o (| Av(B)]]) -

S — N —

Next, we consider particular cases of (24) when obtaining formulas for the gradient of the
functional in the space of the optimized parameters for all the classes of functions mentioned
above.

3.1.1. Sources’ controlled powers are from the class of impulsive functions. Obtain formulas

for the gradient %;U_), j=1,...,my, i = 1,...,L of the functional using (24). The increment

of the functional for the increment of the argument g¢;jof the vector w from (6) by Ag;;, i.e.
Aw = (A;jq,0) € REM A,ig = (0, ..., Agyj, ...,0) € RML can be written as follows:

T

Aql.jJ(w) = Y(x, t)bi(l', t)Aqijé(t — 91])(5<I‘ — §i(t))dxdt+
]

20, / (0i(t) — 00()) Agigd (¢ — Bi5)dt + o (| Au(B)]]) =

0 .
= (€(035), 03j)bi (€' (035), 03) Aaij + 202 (vi(035) — v (035)) Agij + o([[Azal]).-
Dividing both parts into Ag;; and proceeding to the limit as Ag;; — 0, we have:
dJ(w)
dgi;

(25) is the formula for the components of the gradient of the functional on the impulsive power
in problem (1)-(8).

= P(E(055), 055)bi (£ (055), 03) + 202 (vi(8i5) — 07 (635)),i =1, ..., L. (25)

Now obtain the formulas for derivatives dj(g::), j=1,....,m;, i = 1,...,L. For this purpose,
introduce the following function [8]
1
=, te[r—e,T],
_ — €
6€(t T) { O) t ¢ [T -, T]v (26)

where € > 0, 7 are parameters; t the function’s argument. It is obvious that when ¢ tends to
zero the function 0.(-) approaches the generalized Dirac function §(-). Increment 7 by At = e.
Then ¢, obtains the following increment

0, té¢[r—e, 7+ AT,
A (t—T)=4¢ —1fe, te[r—e, 7+ AT —¢, (27)
/e, te[t+ AT —e, 7+ AT].

The increment of J. will have the following form when A7 < e:
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A (t—T)=1< —1fe, te[r—e, T+ AT —¢],

0, t¢r—e,T+AT)tE [T+ AT —¢,7],
/e, ter,7+ AT

We have then for AT > ¢

0, t¢r—e, T+ ATt E [T, T+ AT — €],
A (t—T)=¢ =1/, te[r—e, 1]
/e, te[r+AT—¢,7+AT].

If we increment the argument 6;; of the vector w from (7) by Ab;;, i.e. Aw = (0,A;;0) €

165

(29)

2LM
R,

A0 = (0,...,A0;,...,0) € RIM then we have the increment of the functional in the following

form by using (24)

T
/ / b )i (2, )i Do, Bt — 033)8(x — €1(£)) i+
0 Q

T
20 /qw — 0i5) — 000t — 69)) a5 g, 0-(t — O3)dlt + o[ Av(D)]).
0

Taking (27) into account, from (30), we obtain the following formula for Af;; = ¢

9”+A9” 01‘]‘+A9ij78
A, J(w) = q;/ / (@, t)bi(z, t)dt — / b, )iz, )dt | x ly
Q ]+A91j—5 Gij—é‘
01+ A0,
X 3(z — €(8))dz + +2094; / (45g0(t — 617) — q56-(t — 6%))dt—
9ij+A0ij_5
91-]-+A0ij—€
- / (416 (t — 613) — q%0-(t — 0))dt + of[| Av(t)])) =
0;5—¢
_ qﬂ/ / Dt + Ay )bi(e,t + Abiy) — bl O)by(e, )t | §(z — £1())da+
E
Q 0ij—¢
(1Av(t)])

(30)

(31)
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Taking into account (29), for the case Af;; > ¢, we have

0i5+A0;5 0i;
Boyaw) =2 [ [ wtwnteod - [ o b od | <
Q 91']'+A92‘j7€ 9”'*6
0i5+A0;;
xd(x — E4(t))dx + 2asq; / (qij0(t — 0i5) — qf;0c(t — 67))dt—
9ij+A9ij—E
0i; (32)
= [ ot - 03) — donte — 0%t + of| A =
91']'—8
0;;
q”/ / B(a,t + A0 )b (.t + Abij) — ()b (w, t)dt | x
Q 92]'—6

x0(x — &' (t))dz + o([| Av])).
Expanding the function ¢ (x,t)b;(z,t) into Taylor series within the neighborhood of ¢, we have:

0i;
/ [1/}(.75, t+ A@Z])bz(m, t+ AHU) - w({E, t)bi(x, t)]dt =
Gij—eeij (33)
_ / (4, )by, 1)} A0t -+ o(Ab) = Ay (i, )], + o(Aby).
0ij—¢

Taking (33) into account in (31), (32), we get

Ay, J(w) = qg / (A0 (¢p(z, 1)bi(x, 1) — (T — €)bi(w,t — €))) li=p,;0(z — £'(t))da + 0(Abyy),
Q

Dividing both parts of this equality into Af;; and proceeding to the limit when Af;; — 0, — 0,
we obtain

I i€ 1), ODED), Dty = 1o = 1, 39
ij

Taking into account (30), from (28), we have the following formula for Af;; < ¢

913+A913 ”+A9” €

Agijj(w):q;j/ /th (x,t)dt — / b, t)bi(z, t)dt | x

Q 6 9”'—8
0ij+A00;
X5($ — f”‘(t))da: + 2042%‘]‘ / (qz-j(S(t — 0”) — q?(;e(t — 9%))6%—
0i;+A0;;— (35)
- / (50t — 053) — 70 (t — 05;))dt + o([| Av(t)])) =

e 0;+A00;;
- q;j/ / (lb(-%',t)bi(.f,t) _Qb(x,t—s)bi(x’t_g))dt x
Q 0,5

x0(z —&'(t))dz + o[ Av(t)]]).
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Expanding the function ¢ (z,t)b;(x,t) into Taylor series within the neighborhood of ¢, and
dividing both sides of (35) into Af;;, then proceeding to the limit when Af;; — 0, ¢ — 0, we
have

dJ(w) _ . / o @t A bt Ay — bl 1)
Q

|t:9ij 5($ - 52 (t))dx

Here we have a coincidence with formula (34), which determines the components of the gradient
of the functional with respect to the moments of impulsive influences in the problem (1)—(8).

3.1.2. Sources’ controlled powers are from the class of piecewise constant functions. Use formula
(24) for the functional’s increment, and choose the increment Aw = Awv(t) in the following form

to obtain the formulas for the components of the gradient of the functional: %(Z), ji=1,...,ms,

i=1,...,L in problem (1)-(4), (9),(10), when controlling piecewise constant functions
Av(t) = OA, 0<t<bij_1, 0 <t<T, .
qij = const, 01 <t <y, j=1,...,m i=1,., L.

If to take into account (36) in (24), then the formula for the functional’s increment will be as
follows

(36)

T
AV //¢ x,t)bi(x, 1) Aqgjé(x —f’( ))dxdt+
0 Q
ij Gij
+2as / (0i(t) = o) (1) Agsgdt + o([|[Av(B)[)) = [ D(E' (), )bi(€" (1), ) Agsjdt+
01-3-0_; 0ij—1
4200 [ (0it) ~ o8(0) At + o B0 )]
0ij—1

Dividing both sides of this expression into Ag;;, proceeding to the limit when Ag;; — 0, and
taking into account that o(||Av(t)|])/Agi; — 0, Agi; — 0, we have

97;]' aij
w . .
) [ w0 0d+ 200 [ 00) - L)
’ 0ij—1 0ij—1
j=1,.,mii=1,..L. (37)
Increment the argument 6;; of the vector w = (g,6) by Af;; to obtain the formulas for the

derivatives dje(j;), j=1,mi—1,i=1,..,L, ie.

Aw = (0,A6) € R?M A0 = (0, ..., Abj, ..., 0) € REM=D),

Assume that Af;; > 0. Then it is evident that the control v(t) gets an increment Av(t) in
the following form

Av(t) = 0, 0<t<bi, 0;;+A0;;; <t<T,
Gij — Gij+1, by <t <05 + Abi;.

Then the functional gets an increment as
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01 +00;,

AgJ(w) = / (4ij = @ij+1) (€' (), )i (€ (1), 1) dt+
61-]-+A01-j9ij

+2a / (v(t) = 0°()(ai5 — gij+1) + o([[Av(B)]]).

Using the average theorem, we have the formula

Aoy I (w) = (g5 — qij+1)1é](€i(t)’t)bi(éi(t)at)‘t:t%‘j|A‘9ij|+
+2az(v(bi5) — v°(05)) (a5 — qij+1)| A0 + o([[Av()])).
Dividing both sides into Af;;, and proceeding to the limit when Af;; — 0, we get:

<98JH(21) = (qij — qij+1)V(E (0i), 0i)bi (€' (0i5), 0i5) + 202(v(0i) — v (05)) (a5 — i),

j=1,...m;—1,i=1,...,L. (38)
Similarly it can be shown that the formula for the gradient of the functional with respect to
the parameter 6;; coincides with (38) in case Af;; < 0.

3.1.3. Sources’ controlled powers are from the class of Heaviside functions. Use formula (24)
for the functional’s increment to obtain the formulas for the components of the gradient of the
functional d‘é;"), i =1,...,L in problem (1)-(4), (11)-(13), when controls are from the class of

Heaviside functions. When we increment the argument ¢; of the vector w from (12) by Ag;, i.e.

Aw = (Aiq,0) € R*F Ajg= (0, ..., Ag;, ..., 0) € RE,
the functional’s increment is of the following form

T
Ay J(w) = / / O, )i, ) AGix(t — 6)8(x — £ (1)) dadi+
0 Q
T T

+2042/(w(t) — v (1)) Agsdt + o Av(t)]]) = /w(ﬁi(t),t)bi(ﬁi(t%t)AqidH

91' 91’
T

+20s [ (0(6) = o) At + o[ Au(0)]).
0;
Dividing both sides of the above expression into Ag;, proceeding to the limit when Ag; — 0,
and taking into account that o(||Av(t)||)/Ag; — 0, we obtain

T T
dJ(w) _ i et o o B ’UQ i
da; —9/#}(«5 (1), )bi(E" (1), t)dt + 2 20/( () —v(t)dt, i =1,.., L. (39)

d‘ééﬁ_"), i = 1,..., L, increment the argument 6; of the

To obtain formulas for the derivatives
vector (12) by A#;, i.e.

Aw = (0,A:8) € R*Y A = (0,..., Ad;, ...,0) € RE.
First, assume that A#; > 0, and Heaviside function obtains an increment in the following
form
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07 13 0%’7 Qz + Aez s
Axtt=8) =x(t = 6+ 26 —xte—) = { & EIG T

Then the functional obtains the following increment

T
Ay, J(w) = //w(x,t)bi(x,t)qié(x — E4t))Ax(t — 6;)dxdt—
0 Q

0;+A0; 0;+A0;

“2ag; / vi(t) = o0(8)dt + o | Av(B)]]) = —a; / BE ), Obi(€1 (1), £)ddt—
01-0—&2‘-A9i Oi

“2asg; / vi(t) = W0(®)dt + o( | Au(B)]).
0;

The increment Ax(t — 0;) of Heaviside function obtains the following form for Af; < 0

N O, tE[0;—|AG] 6],
AX(’J“”‘{ 1, telf;—|A6, 6.

Then we have the following formula for the functional’s increment:

0; 0;
Ag,J (w) = gi / D(E(t), )bi(€ (1), t)dwdt + 2a2q; / (vi(t) = w7 (1))dt + o([| Av (D))
0;—| A0 0 —|A0;]

The functional’s increment will be of the following form, taking the average theorem into account
for both Af; > 0 and Af; <0

Ap,J (w) = Fqip(§'(6:), 0:)bi (€' (0:), 0:) | A0;] F 2002 (vi (0;) — 3 (6:))ai |AGi] + o( | Av(®)]]),
where the signs “4” and “—“ correspond to the cases Af; > 0 and Af; < 0, respectively. Dividing

both parts of the above expression into A#;, and proceeding to the limit when Af; — 0, regardless
of the sign of A#;, we obtain:

d{z(ezu) = —q(£'(0;), 0:)bi (€°(6), ;) — 2002 (v (6;) — v)(0:))gqs,i = 1, ..., L, (40)

Therefore the components of the gradient of the functional in problem (1)-(4), (11)-(13) are
determined by formulas (39), (40) in the space of the control parameters (g, ) € R?".

3.2. The formulas for the components of the gradient of the functional with respect
to the sources’ placement. Here we obtain formulas for the gradient of the functional with
respect to the control actions on the trajectory of the source’s motion, which is determined by
system of differential equations (5).

We take any two admissible controls for this purpose: w = (v(t),s(t)) and w + Aw =
(v(t), s(t) + Ais(t)), Ais(t) = (0,.., As;(t), .., 0).

Then the increment of the trajectory of the i—th source’s motion satisfy the following Cauchy
problem:

AE(t) = FHE() + AL (L), si(t) + Asy(t), 1) — F1(E(H), i(t), 1), t € (0,T], (41)
ALH(0) = 0.
Let u(z, t; w), u(z,t;w+ Aw) be the solutions to boundary problem (2)-(4) for these controls
and the corresponding trajectories of the sources’ motion. Introduce the notation
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Au(z,t) = u(z, t;w + Aw) — u(z, t;w).
From (2)-(5), it follows that Au(z,t) is a generalized solution to the boundary problem

L
Aug(z,t) = div (o(z)grad Au(z,t)) +Zvl (z,t)Agiryd(z —£41)), (42)
i=1
reQCR0<tLT,
Au(z,0) =0,z € Q, (43)
OAu(x,t)

Au(z,t)|zert = 0,0(2) lperz = 0,0 <t <T. (44)

on

Then the increment of functional (1) can be written as

AJ(w) = J(w+ Aw) — J(w) = 20q /[u(aﬁ,T;w) —U(z)]Au(z, T)dzx+
Q
+ay / |Au(z, T)Pde + as(||s(t) + As(t) — 2 (8)||* = ||s(2) — °(0)|")

Let 1 (z,t) be a solution to conjugate problem (20)-(22). Carrying out similar computations in
case of the optimization of impulsive powers, we have the following formulas for the functional’s
increment

T
AgioJ (w //¢ £ )b (2 £)03(6) Agi 0 (& — €1(1)) drdt+
T 0 (45)
+2a3/ ) As; ()t + o (| As()]) -
0

Carrying out similar computations in case of the optimization of the points of times of the
sources’ impulsive actions, from (45), we have

T
Be () = [ wOEE®D.OBED. D) A (1)t + o |AC0) )+
0
T

+204 [ (5(6) = s20) Ass(0)dt + o (A
0
Introduce an analogue of Hamilton-Pontryagin’s function [9] in the following form

L
H(&(t),w Zw () F (€1 +sz )bi(E'(t), 1)

where w'(t) is the solution to the following conjugate problem

vy = 21 (g(tggjgg’s(t)’t), t € (0,T], W'(T) = 0. (46)

It is evident that
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T

T
W(T)AE(T) — w'(0)AE(0) = / WU )AL (t)dt + / W () AEL(t)dL. (47)
From (41), (46), (47), it follows that ’ ’

T T
/ SAE (t)dt = — / G AE (1),
0 0

T T X
~ [OH((D),w(t), s(t),t) » i N Of (E(t),w' (1), 5i(t), 1) \ .
0/ o AEH(#)dt = 0/ i) o AE (#)di+
T L . T .
[P EOSO 8000 g [ PEOLO 00
0 0
T T
T PO W) [ AP0, si0).1)
- 0/ o P D A 0/ o D s e+,
’ T&A H(&(t t t),t
where = -ttt = o [AE D)), 0/ (AN, w3 = - 0/ b))
A& (t)dt, na = o (| As@)]),
where AH(£(t),w(t), s(t), 1) = HEL), w(#), s(t) + As(t), £) — HE(E),w(t), 5(2), ).
Consequently,
i i OfH(EN(t), W (t), si(t),t
[0 o.0n6 005 A @ = [ HEO 2D A a1,
0 0
Taking into account, that
) (w) = UﬁT(Sz(t)JFASz(t))) J(v E(si(t)) = J(v,&(si(t)) + A&(s4i(t))—
OH (&(t),w(t), s(t),t)
J(v, (s As;(t)dt+
0/ i (48)
T
+20i3 t)As;(t)dt +n,
/
we have
grad, g J(w) = PHEW L5004y oy - Q). (49)

881' (t)
Particularly, if the sources are motionless, but the coordinates of their placement are optimized,
then the formulas for the gradient of the functional

L
J(w) = /[u(:U,T;w) —U(x)?dz 4 oo [|lv(t) — Uo(t)Hi2 + as Z H&Z - £iOH2Rn

Q =1
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with respect to the sources’ coordinates are obviously of the following form

/vz )i(, 1))} lpmgidt + 2a3(65 — €1°),5 = 1,..on,i=1,..L. (50
0

df‘

3.2.1. Control actions on the sources’ motion are from the class of impulsive functions. Let
the sources’ motion, which is described by system of differential equations (5), be realized
by impulsive control. We increment the argument s;; of the vector (14) by As;;, i.e. the
functional’s increment obtained at the expense of the increment Aw = (A;js,0) € R2LM Ajjs =
(0,..., Asjj,...,0) € RML can be written as follows

T T
A,y (w) = O/ on (g(t)a’:gg’s(t)’t)Asijé(t—Tij)dt—l—Zozg Jsitt) = st

0

XASij(S(t — Tij)dt +n.

Dividing both sides of the above expression into As;;, and proceeding to the limit when
As;; — 0, we have the required formulas for the components of the gradient of the functional

dJ(w)  OH(&(7i5),w(Ti5), 5(Ti), Tij) 0 - -
= i+ 2 i(7i5) — 8 (135)), 5 =1,....omy, e =1, ..., L.
dsij si(7ij) sij + 2a3(si(7i) — 57 (7i5)), J mi, 1t

3.2.2. Control actions on the sources’ motion are from the class of piecewise constant functions.
Let the sources’ motion, which is described by system of differential equations (5), is realized by
controls from the class of piecewise constant functions. We choose the increment As;(t) in the
following form:

AS'(t)— 0, 0<t<7‘ij_1,Tij<t<T,
S| Asgj =const, Tijo1 <t< T, j=1,...,m; i=1,..,L.

Taking this increment into account in (48), we have the formulas for the components of the
gradient of the functional in the following form

dJ(w) B Tij E)H(ﬁ(t),w(t)78(t),t) 7]‘ | . - o
dsij / 9si(t) dt +2a3 [ (si(t) = s7(t)dt,j = 1,...,mii=1,..., L.
Tig—1 Ti—1

3.2.3. Control actions on the sources’ motion are from the class of Heaviside functions.

Let the sources’ motion, which is described by system of differential equations (5), is realized
by relay controls from the class of Heaviside functions. The functional’s increment obtained
at the expense of the increment Aw, Aw = (A;s,0) € R*F, Ajs = (0,...,As;,...,0) € RE
(increment of the argument s; of vector (16)), can be written as follows

T T
Ag, J(w) = 0/ aH(f(t)a’:Eg (), )Aszx(t — T dt+2a30/ )X

XAsix(t — 1;)dt +n.

Dividing both parts of the above expression into As;, and proceeding to the limit when

As; — 0, we have the following formulas for the components of the gradient of the functional in
problem (1)-(7)
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T T
d{l(;iu) _ / 8H(£(t)a,;g§7 S8 14 4 90y /(si(t) — S9@))dt,i=1,... L.

4. THE RESULTS OF NUMERICAL EXPERIMENTS

Problem 1. Consider a problem of the heating of a stick by lumped sources with impulsive
action, when L = 1, i.e. we can apply only one impulsive action on the process.

Ut = Ugg + (. +1)gd(z —€)0(t—0),0 <z <1, 0<t <1,
uw(z,0) =e%,0 <z <1,u0,t)=t+1, u(l,t)=e"0<t <1,

0<&E<1, 0<0<1,0<q<10,

1

J(w) = /[u(az, 1) — 4]%dz +0,1(g — 3)> +0,1(£ — 0,5)% +0,1(f — 0,3)* — min.
0

Thus the optimized parameters are the power, action time and the coordinate of the source’s
impulsive action w = (g, 6, §).

The exact value of the optimized vector is unknown. The problem is solved numerically by
using the formulas obtained above.

The results of the numerical experiments by using the interfaced gradient projection method
are given in table 1 with various initial values of the control parameters w® = (qo, 69, 50), with
the precision of the optimization € = 0,001. Approximation of the boundary problem is made by
using the implicit scheme of grid method with error O(h2 + h;) including boundary conditions,
where h, = 0,01 and h; = 0,01 are grid steps on the variables  and t, respectively.

Problem 2.

2
Up = Ugy + x—l—tzz i0(x —&)o 0;),0<z<1 0<t<1,
=1
u(z,0) =e",0<x <1,

u(0,t) =t +1, u(l,t) =t 0<t <1,

0<&<1,0<0;,<1,0<¢ <10,i=1,2,

1
J(v) = / fu(r, 1) — 412 +0,1((q1 — 3)° + (g2 — 4)>+

0
+0,1((&1 = 0,5)% + (&2 — 0,8)%) +0,1((A1 — 0,3)% + (62 — 0,5)?) — min.

L = 2 in this problem. The exact value of the optimized vector w = (q,§,6), ¢,£,0 € R?
is unknown. The problem is solved numerically by using the formulas obtained above. The
results of numerical experiments by using the interfaced gradient projection method are given
in table 2 with various initial values of the control vector w® = (qo, 69, fo), with the precision of
the optimization ¢ = 0,001. Approximation of the boundary problem is made similarly to the
previous problem.

Note that similar researches can be carried out in processes described by other types of partial
differential equations.



174 TWMS JOUR. PURE APPL. MATH., V.3, N.2, 2012

TABLE 1. The numerical results of the problem 1.

(qo, €0, 90) (g%, &%, 6%) JO J* | Number of iterations
1] (3;0,6;0,1) | (2,995;0,479;0,219) | 2,973 | 2,568 9
21 (6:0,2:0,2) | (2,098:0,490;0,229) | 3,477 | 2,568 1
31(1;0,2;0,4) | (3,00;0,494;0,219) | 2,978 | 2,568 3

TABLE 2. The numerical results of the problem 2.

(qo, €0, 90) (q*,&*,0%) JO J* | Number of
iterations
11 (1;3;0,2; 0,2;0,4;0,3) | (3,026; 4,008;0,491; 0,860;0,258;0,299) | 3,1177 | 2,5735 11
2 | (2;6;0,4;0.6;0,74;0,6) | (3,00; 3,985;0,486; 0,888;0,260;0,369) | 3,3466 | 2,5727 12
3| (2:4;0,3;0.5;0,2;0,3) | (2,998; 3,99;0,488; 0,911;0,259;0,359) | 2,68673 | 2,5729 36
41 (1;2;0.5;0.5;0,2;0,1) | (2,998; 3,996;0,488; 0,910;0,259;0,367) | 3,3933 | 2,5728 15
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